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Abstract

Our results are on the interconnected topics of quantum Jacobi sums of tails identities,

Building, 31 Quadrangle Dr, quantum Jacobi and mock Jacobi properties of two-variable g-hypergeometric series
AfmeVStrfMAI:”OO% USA and partial theta functions, and two-variable g-hypergeometric generating functions
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available at the end of the article for cer.tam L-values by way of related asymptotlc expansions. M.ore Speoﬁcally, we
The authors are grateful for establish five two-variable quantum Jacobi sums of tails identities. As corollaries, we
support from National Science recover known one-variable quantum sum of tails identities due to Zagier,

Foundation Grant DMS-190179

(P1 = first authon) Andrews-Jiménez-Urroz-Ono, and more. Further, justifying the “quantum Jacobi

description of our two-variable sums of tails identities, we establish the quantum Jacobi
and mock Jacobi properties of a number of two-variable g-hypergeometric series and
partial Jacobi theta functions which appear in our two-variable sums of tails identities,
inspired by related results of Zagier and Rolen-Schneider in the one-variable quantum
modular setting. Finally, by establishing related asymptotic expansions, we realize
generating functions for certain L-values in terms of two-variable g-hypergeometric
series and Jacobi partial theta functions, inspired by earlier work in this direction by
Andrews—Jiménez-Urroz-Ono for the Riemann ¢-function and Dirichlet and Hecke
L-functions.

1 Introduction and statement of results
Early sums of tails identities include the following, found in Ramanujan’s “Lost” Notebook

24, p14]:
00 +1)
_ _1 7"
rg(( G @)oo = (—4:0)n) = (= q,q)oo( 2+;1 qn> Z( q,q)n
[ele} 1 1 o0 q m n(n+1
; <(q; Poo (@ qz)nﬂ) @9 2)00 ( 2 +; 1- ) Z( GDn’

where here and throughout, the g-Pochhammer symbol is defined for » € Ny U oo by
(@ q)n= 1_[;':_01(1 — aq’). These are referred to as “sums of tails” identities, as their left-
hand sides are sums of differences between infinite products and their nth partial products.
The g-hypergeometric series
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00 qn(n2+1)
R(q):=
HZZO (=4 q)n

on the right-hand sides may be viewed as a combinatorial generating function, namely, for
the difference between the number of partitions into distinct parts with even rank minus
those with odd rank. In 1986, Andrews proved the above sums of tails identities, roughly
10 years after unearthing the “Lost” Notebook [1]. Shortly thereafter, the coefficients of
the function R(g) were also shown to be defined by a Hecke L-function

L(x, s):= Z ]\);((Z))S’
acZ[Ve]

where x is an order 2 character of conductor 4(3 + +/6) on ideals in Z[+/6] [2,12].

Partially motivated by finding values of certain other L-functions, in 2001, Zagier in [27],
and Andrews, Jiménez-Urroz, and Ono in [4], established other sums of tails identities,
including this one from [27]

(@ =@ (-3 L) L (12),,5
g((q,q)oo—(q,q)n)—(q,q)oo< 2+;1_qn)+2;(n>nq , (L)

where (-) denotes the Jacobi symbol, and these two from [4]

00 n 00

(4 9) _ (@ Dn >_ (@ @)oo o0 o
;((—q;q)oo (=& Dn _2(—q;q)oo LT g +4n§( D'nq", (1.2)

(@530 @590\ | @580 o (1" o~ e
Yl ) =g L 3 ng"". )
=\ @Ga)o (G547 4q%)0 = 1-q" =

In a different direction, later, in 2010, Zagier introduced the notion of a quantum mod-
ular form in [28]. Loosely speaking, a quantum modular form is a C-valued function
defined in Q (as opposed to the upper half-plane H in the case of modular forms) and
which exhibits modular-like transformation properties there, up to the addition of smooth
error functions in R (see [8,28] for further details, and for more on the developing theory
of quantum modular forms). In [28] Zagier also offered the first handful of examples of
quantum modular forms, one of which is the function

00
¢(x):=em'x/12 Z(eZNix; eZm’x)n‘

n=0

In particular, Zagier shows that for x € Q \ {0}, the function ¢ satisfies

o (x) — sgn(x)Zslx|2p(—1/x) = g(x),

where g is analytic in R \ {0}. Here and throughout, we let ¢,,,:=e*"/". A key ingredient
used by Zagier in establishing the quantum modularity of ¢(x) is his sum of tails identity
(1.1). More recently in [25], Rolen and Schneider show that three other g-hypergeometric
sums (similar to ¢(x)) are also quantum modular forms, and they use the sums of tails
identities of Andrews, Jiménez-Urroz, and Ono in (1.2) and (1.3) to do so.

More recently in 2016, Bringmann and the first author defined the notion of a quantum
Jacobi form and offered the first example in [7], an example which has combinatorial
meaning (like R(g) above). Quantum Jacobi forms are a marriage of quantum modular
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forms (as originally defined by Zagier as mentioned above) with Jacobi forms, the theory
of which was largely developed by Eichler and Zagier in the 1980s [13]. These functions
take values in C, are defined in Q x Q (as opposed to C x H in the case of Jacobi forms)
and which exhibit Jacobi transformation properties there, up to the addition of smooth
error functions in R x R. Precisely, we have the following definition from [7].

Definition 1.1 A weight k € %Z and index m € %Z quantum Jacobi form is a complex-
b
valued function ¢ on Q x Q such that for all y = (d d) € SLy(Z)and (A, ) € Z X 7Z,
c

the functions /1, : Q x (Q\ y Nioo)) = C and g ;) : Q x Q — C defined by

_ _ —27rimczz z atT —|— b
(@)= 0 T) - er +d) F g (240,

_ (A2
oz 1) = ¢z T) — 5 L\ @)X N TFRD (2 L AT 4 5 T),

satisfy a “suitable” property of continuity or analyticity in a subset of R x R.

Remarks (1) The complex numbers £1(y) and e2((A, 1)) satisfy |e1(y)| = |e2((A w))| =
1; in particular, the €1(y) are such as those appearing in the theory of half-integral
weight modular forms.

(2) We may modify the definition to allow modular transformations on appropriate
subgroups of SLy(Z). We may also restrict the domain to be a suitable subset of
QxQ.

(3) The “suitable” property of continuity or analyticity required is intentionally left some-
what vague in order to mimic Zagier’s definition of a quantum modular form [28].

Like the subject of quantum modular forms, the subject of quantum Jacobi forms continues

to develop; the known examples of quantum Jacobi forms to date have been established in

[5-7,11,15]. Moreover, like quantum modular forms, quantum Jacobi forms arise in the

diverse areas of Number Theory, Combinatorics, Topology, and Mathematical Physics.

Here, our results are multifold and are motivated by the interconnected topics which
have been discussed above. Our sums of tails results are given in Sect. 1.1; our related
quantum Jacobi results are given in Sect. 1.2, and our related results on L-values are given

in 1.3.

1.1 Jacobi sums of tails identities

First, we establish two-variable sums of tails identities in Proposition 1.2; from Proposition
1.2, we obtain as corollaries Zagier’s sum of tails identity (1.1), and Andrews, Jiménez-
Urroz, and Ono’s identities (1.2) and (1.3), and one more. Before stating these results,
we define the combinatorial g-hypergeometric series P,(w;g), n € Np, which makes an
appearance in our results:

o
mm+l) | W+ n
Pywiq)= ) (—w’)"q 2 [ . }

m=0

Here and throughout, the g-binomial coefficients are defined by

mi (@ Dm
n | (GDG D
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We later explain in the proof of Lemma 2.10 that

[0¢] oo
Pywiq) =Y > anll m)(—w?)"q",
k=0 m=0
where o, (k, m) = p(k | m distinct parts, rank < n) counts the number of integer partitions
of n into k distinct parts with rank at most m.
We also define the following two-variable partial Jacobi theta functions 6;(w; g), 1 <j <
3, by

o0
01(w; q):=1+2 Z(—wz)”qnz, (1.4)
n=1
ad n2+n
O (w; q):=ZW"q 2, (1.5)
n=0
o0
12 n=1 n2—
Oa(wi )= (7) w'e g, (16)
n=1

and the two-variable divisor-type function

Dw; q)=(w'q; @)oo y_ Y _ w*q"

n=1 d|n

Proposition 1.2 We have the following sums of tails identities:

N (wq;q)n> o WD
i W)Z<(—wq;q)oo —wags ) ) " (—Wd; q)oo 1w )

n=0

y o (wa% g (W% 4% ) w54
) Q- - =5~ awa)
() W)y;)( WG e @) WG4 20%i)
(ifi.) (1= w) >~ (Wes oo — (W q)n) W" = (Wq; @)oo — 03(W; q),
n=0
(iv.) 1 =w) > (W2q; )0 — Pulwi ) w" = (W g5 q)o0 — O3(w3 ),
n=0
v.) D (W g5 @)oo — Pulwiq)) — D(w;q) =Y (Wg: 90 — W*q: ).
n=0 n=0

Remark We may view the identities (iv.) and (v.) in Proposition 1.2 involving the combi-
natorial g-hypergeometric series P, (w; q) as sums of tails identities due to the fact that

lim P,(w;q) = W?q; @)oo
n—0oQ
which we explain in Lemma 2.11.

As corollaries to results in Proposition 1.2, we deduce Zagier’s (1.1), and (1.2) and (1.3)
by Andrews, Jiménez-Urroz, and Ono (see Corollary 1.3 (i) — —(iii)), as well as a similar
identity (see Corollary 1.3 (iv.)) due to Patkowski [22]. To state this corollary, we define
the partial theta functions 6;(g), 62(g), 63(q) by
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O1(q)=4Y (~1)"ng",

n=1

> n4n
Or(q)=) nq 2,

n=1

2_1

1 12 n
6’3(61):2 Z < . ) nq .
n=1
Corollary 1.3 We have that

. (Q;Q)oo (Q3Q)n (q: ) 61
E — E +9
(1) ( q;Q) ( Q;Q)n ! q)

2. 42 2 n n
(i) Z((q iq°) (6{ 9 )n > _ _(q iq )oo Z( i)qn +6y(a)

@9 2)00 @ (@ 9%)o0 =
(iii) Z (@ D)oo — (@ D) = (@ Doo (—— + Z ) +03(q),
n=0 n=1
(i) Y (5 9)00 — Pul139)) = (T Do (—— Z ) + 03(q).
n=0 n=1

1.2 Quantum Jacobi forms from sums of tails identities

Next, motivated by the quantum modularity of certain (one-variable) g-hypergeometric
series appearing in sums of tails identities (see (1.1)-(1.3)) as established by Zagier and
Rolen-Schneider, here we show how the two-variable g-hypergeometric series

— (Wg;q)n — (wg% q*)n
Hi(w; q):= Z ————w", Hy(w;q)= Z TW”, (1.7)
= (—wq;q)n = Wg; 4 )
o
Hz1(w; q Z(Wq, W' Hzo(wiq):=_ Pu(w;q)w" (1.8)
n=0

and the partial Jacobi theta functions 0; (w; q), 62(w; q), 03(w; q), appearing in our sums of
tails identities from Proposition 1.2, are quantum Jacobi forms (up to suitable normaliza-
tion and changes of variables). In fact, we show a stronger property, that these functions
are additionally simultaneously “dual” to mock Jacobi forms in C x H~, where H™ is
the lower half complex plane. By mock Jacobi form, we mean a function which is the
holomorphic part of a nonholomorphic Jacobi form (see [8,29]). For more details on the
aforementioned duality, see Sects. 4.1-4.3, where we elaborate on and make more precise
Theorem 1.4 below.

Theorem 1.4 Up to suitable normalization and changes of variables, the two variable
q-hypergeometric series

Hi(w; q), Ha(w; q), H3,1(w; q), H32(w; q),
and the partial Jacobi theta functions
O1(w; q), 62(w; q), 63(w; q),

are quantum Jacobi forms, when viewed as functions defined in (a subset of) Q x Q. More-
over, they are dual to mock Jacobi forms in C x H~.

8
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Remarks (1) We make Theorem 1.4 precise in Theorem 4.1, Theorem 4.3, and Theorem
4.6 in what follows.

(2) Up to suitable normalizations and changes of variables, the functions 61(g), 62(¢q),
03(q), and Hi1(1;q), H2(1;q), H3;1(1; q), and H3»(1;q) are quantum modular forms
when viewed as functions in Q. For all of these functions except H3 »(1; g), this follows
from results in [25] and [28]; in the case of H32(1; g), the quantum modularity follows
from (iv.) of Corollary 1.3 and work in [28]. Similarly, for one-variable quantum
modular properties of these functions for other specializations of variables (e.g., for
fixedw = ;Z’) see [10,17,18,20].

1.3 g-Hypergeometric generating functions for L-values

Our next set of results establish asymptotic expansions for the aforementioned g-
hypergeometric series and partial Jacobi theta functions towards roots of unity; as is
shown in Theorem 1.5 below, these asymptotic expansions feature certain L-values as
coefficients. We refer the interested reader to [4] for more results along these lines with
respect to the Riemann ¢ -function and Dirichlet and Hecke L-functions.

Theorem 1.5 also offers two diverse ways to evaluate the relevant g-hypergeometric
and partial Jacobi theta functions at pairs of roots of unity. It is a question of interest
to find a direct proof of the equivalence of two such given expressions, avoiding the
methods of proof used here, and instead using, for example, elements from the theory of
q-hypergeometric series, partial theta functions, or other elementary or direct methods.

Here and throughout, B,(x) denotes the rth Bernoulli polynomial. Throughout, we say
that a rational number r/s is reduced if gcd(r,s) = 1,7 € Z and s € N.

Theorem 1.5 The following are true.
(1) Let

(%, %) € S1:= [(b’ k) e Q?| ¢ » k are reduced, b | k, and k is odd]

We have the following asymptotic expansion as t — 0F:

(1— gOHI(gg5¢le™) = (g gpte™) ~ 1+2 ) L(=2r¢1)
r=0

2
r’
where the L-values are given by

(k)" 2k

n
L(—}”,Cl) = _}"+ 1 ch( )Br+1 (2/(), (V =012 )
n=1

with
c1(m) = (—1)" g2

Further, these function can be evaluated in the following two different ways:

a a a ]' n an Vl2
(1—¢b>H1(¢,,;;kh>=91(c,,;¢kh)=1—%2;1(—1) g,

Ni—1

=1-¢) Z

CEE D
h oAk b
(=0 ¢0m
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where N1 = Ni(a, b, h k) is the smallest non-negative integer congruent to ah'k/b
(mod k), where I’ is any integer satisfying hh' = —1 (mod k).
(2) Let

(b’ k) € Sy:= [(%, %) e Q? Z, % arereduced, b | k, k is even, and ak /b is even}

We have the following asymptotic expansion as t — 0F:

ay,— a — — a — > (_t)r
(1= ¢e P ggs gle™) = e P0n(g)s tle t)~§L(—2n &) g

where the L-values are given by

8k

G _
L(_F,CZ)__}"—‘—I; (n)Br+1 (8/() (r—071;21~~~)
with
a(n—1)  h(n*—
) dd,
CQ(I’Z) — g-2b é—8k no

0, else.

Further, these function can be evaluated in the following two different ways:

(1= GO ) = Oa(es5f) = — o Z ng 8D Hor D),
nodd
NG

=(1-¢f) Z

where No = Na(a, b, h, k) is the smallest non-negative integer congruent to ah'k/(2b)

< (Ll ol )nﬂ b
(mod k/2), where I is any integer satisfying hh' = —1 (mod k).
(3) Let

(%, k) € S3:= {( ) 1= Q2 Z, 7 are reduced, b | k}

We have the following asymptotic expansion as t — 07

- =2
(1= ¢e 2 (g gfe™) = e 203(¢ 85 e ™) ~ ZL( 2,03) 5
r=0
forj € {1,2}, where the L-values are given by
12k
o (12k) .
L(_KCS)—_r+1 ;CS( )Br+1(12k) (7—0,1,2,...)

with
12 _
c3(n) = c3(a, b, h, k; n):= ( ) {2}[;:2 2 {a(" n

Further, these functions can be evaluated in the following two different ways:
12k

1
(1= &) Ha(e}'5 ) = 05(855.6) = =757 D mes(n),
n=1

N3—1
= A=) D @CRelshme

n=0
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forj € {1,2}, where N3 = N3(a, b, h, k) is the smallest non-negative integer congruent to
ah'k/b (mod k), where i is any integer satisfying hh' = —1 (mod k).

2 Preliminaries

We devote this section to establishing or recalling some preliminary results, before proving
our main results in the sections that follow this one. In addition to the references in the
subsections below, we refer the reader to [8] for additional background.

2.1 Modular and Jacobi forms

In this section we recall the definitions and some properties of the functions
1 ad 2 1
n(e)=q» [[(1—q") 0= Y emimrtaminety), (2.1)
n=1 n€Z+%

where t € Hand z € C. These functions satisfy the modular and Jacobi transformations
in Lemma 2.1 and Lemma 2.2, respectively [23].

Lemma 2.1 Fory = (28) e SLy(Z) and T € H,

NI

n(yt) =e(y)(Ct + D)

where for C > 0,

n(),

L

1 (D> TiD/4oTi(AC(1—D?)+D(B—C))/12 if D is odd.

4

1 (1%) [1=C)/2,mi(BD(1~C?)+C(A+D))/12 if C is odd,
[

ely) = (2.2)

Lemma2.2 ForAu€Zy = (48) € SLy(Z), and (z,7) € C x H,

2 .
i) O @E+AT+w7) = (=DM _%e_zm}‘zﬁ(z; ),
q

i 22
(i) ¥ ( Cri D;yr) = 3(y)(CT + D)2eCriD (5 7),

(i) #(zi7) = —igsw™? [J(1 = g")(1 - wg" (1 —w™'q")
n=1

Using n and ¢ we define (as in [15]) the functions

n(r)
n(21)’
It is not difficult to show that

N(t):=

and T(1):=0(-7 + 3;41).

N@T() = -3, (23)

a fact which we will use later. We will also use the following lemma on the modular
transformation properties of N and T'.

Lemma 2.3 Lety = (é g) € SLy(Z) with C even, and define y:= (C?z 253 ) We have that

N(yv) = (et +d) " te(y)e 2(FIN(r). (24)
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Moreover, we have that

m’rz
T (4; 1) — (47 +1)2eFAT(2). 2.5)

Proof The proof of (2.4) follows immediately from Lemma 2.1. Similarly, (2.5) follows
from 2.2 and that ¥ (z; ) is an odd function of z. O

A specific function defined using 1, N, and ¢, that we will encounter in what follows is
N(@)n’(7)
0(z/2; 1)

It is not difficult to show using Lemma 2.1 and Lemma 2.2 that J is a Jacobi form, and in

J(z;t)=—1i

particular exhibits a certain transformation property with respect to the variables (z, ) €
C x H (see [8,13] for further details on Jacobi forms).

Lemma 2.4 The function J(z; T) is a Jacobi form of weight 1/2, index —1/8, on T'g(2) X
(4Z x 27), with character Vr,.

2.2 The level 2 Appell function and related functions
The level 2 Appell function A, is defined for z;, z9 € C, t € H by

g;qn(rwl)

» 2.6
—&19" e

As(z, 20 T)=61 )
nez

where & = e(z)),j € {1, 2}. (Note. Here and throughout, we use the notation e(u):=e2mit)
This function was studied as one of a more general family of Appell functions by Zwegers
(see [8]). The completion of A, denoted by Zz, is defined by

22(21, 225 T)=
i i 1 1
Ax(z1, 205 T) + 5 Z ey <22 +jr + 5;21') R (221 — 2z —JjT — E;Z‘L’) , (2.7)
j=0
where the nonholomorphic function R is defined by
REvr= Y fsen() —E (0 +Ny2) | (-1 mdemmiteznis, (238)
vE%—i—Z

__Im(z)

 Im(7) and

with y:=Im(z), A:

z 2
E(z):=2/ e " du.
0
The completed function exhibits Jacobi-like transformation properties:

Lemma 2.5 For nj,ny,my,my € Z, y = (‘Cl Z) € SLy(Z), the function Zz satisfies the
following transformation properties:

(i) Az(—z1, —22;7) = —Aa(z1, 225 T),
Ly 2 —ny =11 _n2—mny g
(i) Aax(zr +mt+my,z0+mT +mp;7) =& & g Ay (z1, 225 T),

e T _mic _27249 o~
(i) A2 (chJlrd’ i VT) = (cT + d)eer+d TN L (71, 29 7).

From [29, Proposition 1.9, Proposition 1.10], we also have the following transformation
properties of R.
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Lemma 2.6 With hypotheses as above, R satisfies the following transformation properties:

(i) R(z;T+1) = e_”TiR(z; ),
. 1 wiz? z 1
(ii) —e © R (—; ——) + R(z; 1) = h(z; 1),
—iT T T
(iii) R(z;7) = R(—z;T),
(iV) R(Z; ‘L') + e—27riz—7zirR(Z T+ ‘L’) — 2e—m'z—m'r/4’
(V) R(z+ 1;t) = —R(z; 7).

The Mordell integral / given in Lemma 2.6 (ii) is defined for z € C, t € H by

eniruz—Zﬂzu
hiz;t):= | ———du. 2.9
@) /R cosh(mru) “ 29)

Under suitable hypotheses, /1 can be expressed in terms of the weight 3/2 theta functions
g4.B, defined for A, B € R and v € H by

gA,B(f)ZZ Z veniv2r+2ﬂiv3' (2'10)
VEA+Z

Due to Zwegers [29], we have
Lemma 2.7 ForA,B € (—%, %),

ioo gA+%,B+%(z) o —niAzr+2mA(B+%)
0 /—ilz+71)

The functions ga g transform as follows [26,29].

h(At — B; 7).

Lemma 2.8 With hypotheses as above, the functions ga g satisfy:

(1) ga+1,8(t) = ga,B(1),

(i) gap1(r) = e gap(z)
(iii) gap(t+1)=e g, 5 1(0)
(iv) gas(—L) =i B(—ir)3igy_a(c),
(V) g-4,-8(t) = —gaB(7).

Using Ay and its completion, we define
xiz —z
Bia(z;Tt):=e 2 Ay (7, —l';21'>
and
~ riz~ [ —2
Bio(z;T):=e 2 Ay (7, —'(;21’).

Our notation for these functions are chosen to parallel the notation given for the functions
By,g and Ea, g in [15]. In [15], itis required that 4 | B, so the functions B2 and EI,Z defined
above do not appear in [15], though they are closely related to the families By, g and Ea,ﬁ
appearing there.

Using Proposition 2.5 we establish the following proposition.

Proposition 2.9 The function
- Z\ ~ z
Bio(z;7):=e <Z> Ay (— > —1; 2t>

is a non-holomorphic Jacobi form of weight 1, index —1/8, on T'0(2) x (4Z x 27).
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Proof of Proposition 2.9 Let (é g) € T'0(2). Then using the Jacobi modular transforma-
tion properties of A, in Lemma 2.5, and the fact that C is even, we have that

~ z AT+ B
Bip|\ —— ——=
Ct+D Ct+D

(-5 +z47 +8))

z o~ V4
=(Ct+Dje (4(Cr i D)) € 4(Cz + D) 42 (‘E’ —(Ar +B); 2’)
2.11)
) (-5 +z4r+B))
= (Cr+Dje (4(C7: n D)) € 4(Ct 1 D) (2.12)
_A —~
X e <%) Ay (—g, -1 2r> . (2.13)

To move from (2.11) to (2.12), we have also used that the number A is odd, and the
Jacobi elliptic transformation properties of A, in Lemma 2.5. Simplifying, and using that
AD — BC = 1, we see that (2.12) equals

2

Z
(Cr+Dle <8(Cr D)

>§1,2(Z; 7).

This establishes the claimed Jacobi modular transformation property of El,g(z; 7).
To claimed Jacobi elliptic transformation properties of ELz(Z; 7) largely follow from
those of 22 (in Lemma 2.5), after a straightforward calculation. O

2.3 A combinatorial g-hypergeometric series
Recall from the introduction the g-hypergeometric series P,(w;gq) which appears in our
identities:

o
mm+l) | WM+ n
Pywiq)= ) (—w")"q 2 [ } :
m
m=0 q
This function can be interpreted as the following combinatorial generating function.

Lemma 2.10 We have that

Pywiq) =) > anllm)(—w?)"q,

k=0 m=0

where oy, (k, m):=p(k | m distinct parts, rank < n).

Proof We have that

o
m-—+n m(m+1)
Pn<w;q):2[ . } (—w?)"q >
q

m=0

m(m+1)
plk | < m parts, parts < n)(—wz)mq%]‘*‘k

ol
M2

3
Il
=}
>~
Il

0

p(k | m distinct parts, rank < n)(—wz)mqk,

o
M2

=0

>~
Il

(=)
3
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which we justify as follows. To move from the first equality to the second above, we use the

n+m
combinatorial interpretation of the g-binomial term (see [3, §7.2]). To move
m
q
from the second equality to the third above, we appeal to the evident bijection between
partitions of m(m + 1)/2 + k with at most m parts, parts at most #, and partitions of k
into m distinct parts with rank at most #. Note that partitions into distinct parts have

non-negative rank. Thus we have obtained the desired result. ]

This interpretation of P, (w; q) as a generating function gives us an easy way to find its
infinite counterpart.

Lemma 2.11
lim P,(w;q) = W?q; @)oo
n— 00

Proof Weletthe rank # go to infinity in the combinatorial interpretation above in Lemma
2.10, obtaining

o0 o
lim Pu(wiq) =) Y plkm)(—w")"q",
e k=0 m=0

where p(k, m):=p(k | m distinct parts).
It is known that the generating function for partitions with distinct parts is

o0 o
Y plkmt"q" = (—tq; q)oo-
k=0 m=0
With the substitution ¢ = —w? into the formula above, we obtain (W?g; q)« as claimed. O
3 Sums of tails: proofs of Proposition 1.2 and Corollary 1.3.

Proof of Proposition 1.2 To prove the identity in (i.) of Proposition 1.2, it is not difficult to
show that

g @)oo (wq;q)n> n_ WD W Dn 0
)Z((_quQ)oo Cwgign) " T Cwgi g ~ )Z( WG D

Applying [14, (14.31)] proves the result.
The proof of identity (ii.) begins similarly. We apply [14, (14.3)] with g q2, and then
setting a = t = w, and b = wq, which yields that

(wq? q *)n = 2ty 202
) wh = 1+an+)wn n+n
Z Wq; }'1+1 Vg

Some additional rewriting shows that this function equals 62 (w; q).

To prove (iii.), we begin similarly, apply [14, (7.7)], and do some rewriting to reveal
03(w; q).

To prove (iv.), we proceed similarly and apply the following identities [14, (6.1), (6.22),
(7.7)]:
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S o (_W2)n #
Q=) Pawigw' =5 LT~
= = Wgq)n
> 2 ° 2
— Z(_l)nqu&q + Z(_l)nqg 7 31
n=0 n=1
= 603(w; q).

The result now follows after a short calculation.
Lastly, to prove (v.), we begin by noting that applying [14, (6.1)] to the expression

a oo
lim —(1—¢ 2Q)nt", 3.1
Jlim (1= 1)) (wq), (3.1)
n=0
then differentiating, gives us

lim 8—(1—t ZP w; q)t” +D(w q),

t—>1" =0
where
n(n+l)
(—=w’t)"q
Dw;q):= lim — Y ~———
=0 e 2(:) (@ @n
By Proposition 2.1 of [4], we have that
oo oo
Jim Da-n )Y Puwi)t" =) (Wq5q)o0 — Pu(w; ).
- n=0 n=0

Applying the same proposition to equation (3.1) gives us
Z( W @)oo — WG q)n).

Lastly, letting N — ooin[14, (6.32)], we have thathD(w; q)isequaltolim;_, - %(thq; 9o
A direct calculation then reveals that 5(w; q) = —D(w; q). Combining the above results
proves the desired identity. ]

Proof of Corollary 1.3 1dentities (i.), (ii.), and (iii.) in Corollary 1.3 follow by differentiating
in the variable w the sum of tails identities (i.), (ii.), and (iii.) in Proposition 1.2, respectively,
and evaluating at w = 1. In the case of Corollary 1.3 (iii.), we also use the well-known fact
that

@D = (1n_2) . (32)
n=0

Identity (iv.) in Corollary 1.3 can be deduced from Proposition 1.2 in two ways. As above,
we differentiate identity (iv.) in Proposition 1.2 in w and evaluate at w = 1 to obtain the
result, also using (3.2). On the other hand, we may evaluate Proposition 1.2 identity (v.)
at w = 1, and apply (iii.) from Corollary 1.3 (just established from Proposition 1.2 in the
preceding paragraph), to obtain the result. O

4 Quantum Jacobi forms
In this section, we make Theorem 1.4 more precise in Theorem 4.1, Theorem 4.3, and
Theorem 4.6. We also establish their proofs.
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4.1 Quantum Jacobi forms from H;(w; q) and 6, (w; q)
To state our results, using 6 (w;q) and H;(w;q) as defined in (1.4) and (1.7), and with

2miz 2mitT

w=e and g = e™'7, we define for any positive integers a and b satisfying a < b,

where b is even and at least 4, the functions

a? a a
01(z;t) = O1(a b; z; T):=q > wh (1 + 01(—iw%q5;q)),

a? a a a
Hy(z;7) = Hi(a, bz T):=q ¥ wb (1 +(1+ iw%qE)Hl(—iw%qE;q)).

Remark It follows from [14, (14.31)] that the functions 9, and H; are equal.

For ease of notation, we will often omit the dependence of the functions 51 and Fh on
a and b.

Theorem 4.1 The following are true.

(1) The functions 6, (z; —t) and Hy(z; —1) are quantum Jacobi forms of weight 1/2 and

index —1/4.
(2) The functions 01(z; —7) and Hy(z; —7) are mock Jacobi forms of weight 1/2 and index
—1/4.

Remark The explicit transformation properties of these functions are ultimately deduced
from results given in [11]. In particular, the functions exhibit quantum Jacobi transfor-
mation properties on the set 2, € Q x Q defined as follows:

i (i) s > 0,k > 0,gcd(r, s) = gcd(h, k) = 1, and k even
r
D= (;, %) € Q x Q: (ii) for all j mod k, hs(a + bj) # %(Zr + ) (mod bks)
(iii) if k =0 (mod 4) thenh # £1 (mod 2b)
(4.1)

We refer the reader to [11] and also to the proof of Theorem 4.1 below, for additional
details.

A key ingredient to our proof of Theorem 4.1 involves the universal mock theta function
22(w; q), defined by

o(w;q):= Z (=499

>0 (W; q)n+1(wilq; q)n+1 ‘

n(n+1)/2

The function gy is aptly named “universal,” as specializations of this function in the vari-
ables w and g yield all of Ramanujan’s mock theta functions (up to the addition of modular
forms) [19].

As Proposition 4.2 reveals (and makes more precise), the function 6;(w; q) is “dual”
to the universal mock theta function g»(w; q) outside of the unit disk. (See for example
[9,15,18] for more results along these lines.)

Proposition 4.2 We have that

O1(w;q ) = -1+ 2w_1g2(—w_1;q).
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Proof of Proposition 4.2 Using the identity stated in Theorem 4.1 (which follows from [14,
(14.31)]), and the fact that (a;471),, = (—a)"q~ e (a=1; q)n, we have that

_ o (wg 47,
Owig H=1—-w)) ——u"
;)(—wq 5q n

= )Z( w—lq,m =)
=—1+2w lgs(-wg),

where

iy — LTS MG, 1
£23w;q): ) 2 T D T

The result now follows from [9, Theorem 4.1]. O

Proof of Theorem 4.1 From Proposition 4.2 with w —iw%q_%, and w = >

eZmr

’ q =
, we have that

u2
%Gl(z; —1) = iqilTJr

S

a
whb

which is the function G, (z; v) defined in [11]. From [11, Theorem 1.1] we have that
G,(z; 7) is a quantum Jacobi form of weight 1/2, index —1/4 on 2, (see (4.1)) and
Jacobi group I‘,;}l X (2Z x 2Z) (see [11, Definition 3.3]). By Remark (2) following Theorem
1.1in[11], we also have that this function is a mock Jacobi form when viewed as a function
in C x H. m|

4.2 Quantum Jacobiforms from H,(w; q) and 6, (w; q)
Let w = €2 and g = €?™/". We define

Baz D)i=g Wi 0w ),
oz v)=gs wi (1 — w)Ha(w?; q).
Remark It follows from [14, (14.4) and (6.3)] that the functions 0 and H, are equal.
Fory = (4 58) € I'o(2), we define v, := (%) (%) g PP
Theorem 4.3 The following are true.

(1) The functions 52(z; —1) and Hy(z; —7) are quantum Jacobi forms on Sy of weight
1/2 and index —1/8 with respect to I'o(4) x (4Z x 27) and with character . In
particular, for z € (—3,0), T # —3, we have that

Oa2(z; —7) — (4T + 1) e <2(4Z+ 1)) b2 (MZ—I— 14t i 1)
B Zig:p (1 ‘Ht) (4.2)

2 Jo ,/—L(1+zt+4r

and the difference in (4.2) extends to a C* function on (R\(Z+{0, 2, +1 a))x (R\{— .
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(2) The functions [ (z; —1) and H, (z; —t) are mock Jacobi forms of weight 1/2 and index
—1/8, 0n T'0(2) X (4Z x 27) and character r,,.

Our proof of Theorem 4.3 is very similar to the proof of [15, Theorem 1], but the work
done there does not directly apply due to the hypothesis there that 4 | .

A key ingredient to the proof of Theorem 4.3 involves the Appell-Lerch sum Bj ; (see
Sect. 2.2). We recall that the functions N and J appearing in Proposition 4.4 are defined
in Sect. 2.1. Similar to Proposition 4.2 used in our proof of Theorem 4.1, Proposition 4.4
below establishes a “dual” to 6;(w; q) outside of the unit disk, in terms of a mock Jacobi
form.

Proposition 4.4 We have that

wiqg 80,(w;qY) = —N(1)B12(22 1) — (22 7).

Proof of Proposition 4.4 Proceeding as in the proof of Theorem 4.1, we have that

Oy(wi g (I—W)Z (W% Wq5q Inw

< wghq ) nn

o0

qn+lwn(wf q ;qZ)n

=1-w)
o (W_lq; qz)n—H

n

Using [9, Theorem 5], after some simplification, we see that (4.3) is equal to

_ (@ 9%)3.(4% 4% o
Kwlq) — % ,
= D U0 g oo 1)

(4.4)

where

Kws q)= Z(wq q)q (q,q)

(w1 q ; qz)n‘

By [15, Lemma 2], we have that

1 1
wiq_é
(w-1)

Using this with (4.4) and some simplifying completes the proof. o

K(w™;q) = N(t)B12(2z; 7).

Proof of Theorem 4.3 We have from Proposition 2.9 that

Bia(z7) — (47 + 1) G £t
1251 t “\oar+n ) " \arr1ar +1

BL,zT) + @t +1)7! Z g (-2 ‘
= _ .7 T el —— —; ,
12 2ar+ 1)) 2 \arr1ar +1

where

- zZ\ _( 2
B ,(z;7):=e <E>A2 (—5, —1;21),

and A (z1, z2; 7) is the nonholomorphic part of the sum given in (2.6) (i.e., i/2 multiplied
by the sum onj in (2.6)).
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Using this and the transformation for N under (} 9) given in Lemma 2.3 we have that

N@Buaz 1) — @ 4 ) be (2 YN (") By
BB T 4 “\24r +1) 4t +1 4z+ 4t +1
ZZ
=—N(1)(B,zT)— (4t +1) e =— ) B,
(r)< 12(@T) - e+ 1) e<2(4r+1)) <4r+1 ar +1 )
Similar to the proof given in [15, p21], we compute that
B, (z1) — (4t + 1) le 2 Vg (2_,_°
121 24t +1)) 2 \ar+ 12t +1
22 Ve
=T ; 47+ 1)t
(T)[ <4)U(z - e +1) e<2(4r+1)>e<4(41:+1)>

1 (=t + L@ar +1))?
XSB(H)Mr—'_l)ze( 2(421+1) >G(4rz+l;yr>i|,

where

o(z7)=) felzt)r(z0),
+

et (2)(9)

r+(z; 7):=R (—z +1—-(0AF1)T — %;41’).

The term in brackets [-] above is

e(2) Y felmnratan) (45)
+
2 z2 z (=t + %(41’ + 1))2
—@r+ 172 (1])e (2(4r+1)>€(4(4r+1)>€< 2047 + 1) )
(4.6)
z T z T
Xzi:fi <4r+1;4r+1)”[ (4z+1;4r+1>' (4.7)

(Note. These last two large expressions shown above are the same expressions as in [15,
(5.12)] and at the top of page 22, respectively, with (o, 8) = (1, 2), although we note again
that [15] requires 4 | 8 so not all of the work done there directly applies here. E.g., in what
comes next, our proof proceeds somewhat differently than as in [15].)
Let
+ —Z+T T 1 1 —z+£7

zZy = _11 —_— = —— ,
v S v S S Sl P |

L 1 1
z, :=§ — 14+ (AF)r+2z= 3 + zFT,
-1

T1:=— — 1L
! 4t

Using Lemma 2.6, we establish Lemma 4.5. For brevity, we refer the reader to the analogous
result and proof in [15] for more details.
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Lemma 4.5 We have that

z T ~ ~
+ (4-'[ T e 1) = ax (5 1)z 1;11) — bz TM(—27 3 47) + be (5 T)re (5 T),

where

=~ (22 )2
bi(z;1):=t ai(z;T)igv/ —4dite = ,

and

+12
a+(z;1):=v/—it1€ <M> .

2

Resuming the proof of Theorem 4.3, we have that the expression in (4.5) equals

—Z < )ri(z,f) (4.8)

Further, using Lemma 4.5, we have that the expression in (4.6)-(4.7) equals

~1,3 z z (-7 + 307 +1)°
— (At +1)"2¢ (%(l))e<2(41-+1))e<4(4‘t+1))e< 24t +1)

XY f (ML; L) (G’i(z;r) +bi(z0)rs(z r)>, (4.9)
+

+1 47t +1

where
Gz 1)i=as(z 0)(zE 115 11) — ba(z3 1)h(—2F 3 47).

We now consider the portion of the multi-line expression in (4.9) involving Zi (z; 1)
r+(z; T), namely

_ ~1 310 2 z (-t +507+ D)
(4t +1)"2¢ (%1)e<2(4r+1)>e<4(4r+1)>e( 204t +1)

z T\~
X Zi:fi (m: m) bi(z; T)rx(z 7). (4.10)

This multi-line expression in (4.10) is equal to

it z? z (-7 + 54z + 1)
— (4t +1)72¢g 3(2(41._’_1))6(4(41-4_1))6( 2(4t + 1)

Zi 1F1 1)y (@ 1) 0 JF)z -
Ee T m a+(z; T)igV —4ite 3r re(z; T

+

_ ~3¢1 22 z (-t + 3¢t +1)°
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£2(7) Camen)) e

+
i —(%j:r+z)2
LV —dite T r;(z; 7)
(e

which we see cancels with the sum in (4.8).
Next we consider the function G4 (z; 7) from (4.9). Let

1 a1 1 N 11 1
-+ —"=F-, =— - —z b= - — —(1Fl)i=z 4+ -.
“ 2" 4 p =g 7a b=zt - b=z 4

By the hypothesis given in Theorem 4.3 (1), we have that z € (—}L, 0), so we may use
bf, and that zéc = afélr — ay. Thus we have that

Lemma 2.7, noting that Zf:l'l =ayT —

2 ico
1 g + 1(u)
W) = —e [ 22 gyt + ) Cetpbity (4.11)
2 2 0 v —i(u+11)

o0 ga1+2a2+l(u) (4'12)

h(zE;47) = —e (a4t —af (@ + )
27 2 1¥27 2 0 —ilu+4t)

In the integral in (4.11) we let u = 1 — 1/p so that (4.11) becomes

1
_ofBn a (bt + 1) *barty "i+i (1 - ') Vaptdp
2 2 V(=)(=1)ET + p) 0>

— (ﬂg L (b + ))e<_(ﬂ2+§)(ﬂ2+§)>
2 2 2

_1
0 ga2+%,ﬂ2+bf+% ( ,0) kY% 4'107:d10’ (4'13)

N EE S

where we used Lemma 2.8 (iii). We rewrite

3 1
5 §>+b?:+1=—dli+l,

and obtain using Lemma 2.7 that (4.13) is equal to

a2+bf+ =(&lz+

—e ﬂ% 2! —a (bi l) e _(dz + %)(612 + %) 0 g”2+%’_“it+1 <_%> VAptdp
2 g 2 1 JE)EDET ) PP

2 1 3
_. (T bt + %,) : (#)

0 gal az+ ('0)

X 4—ri(—i)ge<<a + l) (—ai—f—l))
V=1 Ty ! \/m
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After some additional simplifications, we find that

47 3 (141) 1 z z°
a+(z;0Dh(z51) = ax(z 1) —li(—i)ie’” Te (—_ - _)

0 &rlal (P)

J=iT + p)
:ai(z;r)x/ﬂpéce(—%_i_z_)/l

x dp (4.14)
1

0 g¥%,a2+% (o)

32 8t 8t —i(4.1; + p)
(4.15)
where pé”::{s_l and ,08_:=§8_3.
Additionally, we have (after simplifying, and using Lemma 2.7) that
— ba(z; )h(—2f;47)
_(»F)2 + 24 1
= tay(z;1)ig/ —4diTe ( (=) ) e <(a1 i — af (dz + —))
8t 2 2
oo &aF+1ar+1 (p)d
x —————dp
0o +/—i(p+41)
1 z z* o g1 4011(0)
= ay(z;T)VATple (—— -— = —) / —2 " dp. (4.16)
+ 8 32t 8t 8t)Jo J/Zilp+4r)
Adding (4.15) and (4.16) we obtain that
~ 1 z ico g1, 1 1(p)
Gilz;7) = as(z; T)VATpte (—— - — - —) —r " ___dp. (4.17)
8 32t 8 8))i Joiar+p)

We now substitute this into the portion of the multi-line expression in (4.9) involving
éi (z; 7). That is, from (4.9) we have the expression

s 2 z (—7 + 341 + 1))
~ (4t +1) 8(%?)e<2(4,+1))"<4(4T+1))e( 247 +1)

z T ~
X Xi:fi (m» 41—4_1) G+(z 7). (4.18)

Using (4.17), we have that (4.18) equals

(4t +1) 3¢ ! ( 2 ) ( z )
— (41 fg e 2@ 7 1) e p7eay
(—r+%(417+1))2 2 . -
e ( 2(4t + 1) g:fi (m: m) G+(z 1)
2
it
204t + 1) 44t +1)

(-t+3i@c+ 1))2 i 1F1 —z
Xe( 2047 + 1) ;Ee ((T) (2(4z+1))>
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x 4QJ;J)< -9 (o 113
4T 2

apte (L 22N [ Shery®)
8 T 1 —i(4t + p)

_ i P z bw+a@r+nf
=gt Vie (2(4z n 1)) ¢ (4(4z n 1)) ¢ ( 264t 1 1)

o (L (= ~(EE - (e )
X;%E«T) <2(4z+1)>>e( 2

0 Sxlam+i P a2+2(p)

Y 47,'—|—,0

; (p)
—_! -1./; § + i—1/ ng Aty

5% quZpg ws)™ | —%z(ﬁlrﬂ)) p

i 1 ico Zj:g:F— 7Z(’0)
= ——qS
2 1 Vv —i(4t + p)

Overall, under the hypotheses given, we have shown that

N(@)Bia(zi7) — (4T +1)2 Z \n(—" )3 2, T
L2 “\2ar + 1) ar+1) P \arr1ar 11

. ico 1_ (p)
= N(O)T(1) g} s il e,

27 J/—idt + p)

;i L1+t
__t Zig:':— 72( )d 1 Z:I:gzp l ) (4'19)

2J)1  J=idt + p) 2 Jo ‘/—l4t+1+lt

1

also using that N(z)T'(tr) = —¢q~ 8.

To complete the transformation and analytic properties stated in the theorem with
respect to (i‘l)), we observe that from Proposition 4.4, we have that Dolz; —1) =
—N(7)Bi1,2(z;T) — J(2; 7). We combine this with (4.19) and the Jacobi modular trans-

formation properties for J(z; t) under ( ) given in Lemma 2.4. Thus, to finish the proof

(with respectto (1 9)), we must establish the claimed C* properties in R x R. We establish
these in Sect. 4.2.1 below.

Next, we observe that ['g(4) is generated by the matrices (}9), (1), and (3 %)
The appropriate behavior under the second and third generators are easily deduced
directly. Similarly, the Jacobi elliptic properties (and subsequently the required ana-
Iytic properties in R x R) may be directly checked. That is, we recall again that
52(:5; —1) = —N(1)B1,2(z; T) — J(z; T) The elliptic Jacobi properties for B, are directly
established using its definition and the elliptic Jacobi properties of Ay; the elliptic Jacobi
properties of / may be deduced from its definition and those of ¥ (see also Lemma 2.4).

4.2.1 C* properties

In this section we establish the claimed C* properties in Theorem 4.3 (1). The proof
follows in a similar manner to the proof of a related result in [7], and we refer the reader
there for additional details.
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For the region (— 10) x (R \ {—%}) , the result is obtained using the expression on the
right-hand side of (4.2), using the Leibniz rule as explained in [7]. To finish the proof,
we are left to establish the C* nature of the error to Jacobi transformation in the larger
region in R x R given in Theorem 4.3 (1). If it’s not the case that z € (_zlp 0), then we
appeal to the following facts:

142
hu+1;7) = —h(ut) + \/2_’1:6 ((u ;—rZ) ), (4.20)
—i
hu+1t;1) = —e <u+ %) h(u;t) + 2e <§ + %), (4.21)

which are established in [29]. We begin with three cases: z € (—%, —i) (case 1),z € (0, i)
(case 2),and z € (%, %) (case 3). In all cases, ali € (—%, %). In case 2, bljE € (—%, %) and
a)+1¢e€ (—%, %). Incase3, b, bf —1,and ay + 1 are all in (—%, %). In case 1, bf, by +1,
and ay are all in (—%, %)‘ With this established, the C* properties follow from (4.20)
and (4.21) and those already established (when z € (=1 0)). In the general setting, for
z € R\(Z+{0, %, :I:%}), we can always find some ¢ € Zsuchthatz+£isin (—%, %)\{O, :I:%}.
The result follows according to cases 1-3 above (and the previously established results on

(— %, 0)), making repeated use of (4.20) and (4.21). (See [7] for a similar argument.) O

4.3 Quantum Jacobi forms from H3 j(w; q) and 63(w; q)
Let w = €272, g = ¢>™i7, Define
Bz ):=w2 g% 63w ),
Fia (25 0):=wh g2 (1 — w)Hs (w3 ),
(j € {1,2}).

Remark 1t follows from [14, (7.7)] after rewriting the right-hand side appearing there as
03(w; q), that the functions 85 and ﬁ3,1 are equal.

Theorem 4.6 The following are true.

(1) The functions 83(z; T) and ﬁg,j(z; 7) (1 <j < 2) are quantum Jacobi forms of weight
1/2 and index —3/2.

(2) Thefunctions 3 (z;—1)and 1713,1 (z; —t) are mock Jacobi forms of weight 1/2 and index
—3/2.

Remark The explicit transformation properties of these functions are ultimately deduced
from results given in [15]. We refer the reader there, and also to the proof of Theorem 4.6
below, for more details.

Proof of Theorem 4.6 The results for B3(z; T) and IN-Ig)l(z; ) follows from work in [15].
Namely, we deduce from the proof of [15, Lemma 17] that

4
Ti(wiq) = Ba(z 1) = ) xaley)C, (1225 127),
j=1
where T7, aY), and Cy g are as defined in [15]. We have also used that x12(-) from [15] is

equal to (Q) The result then follows as argued on p. 30-31 of [15] in the proof of Theorem
4.
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The results for ]~‘[3,2(Z; 7) follow from Proposition 1.2 (iv.) and the results just established
for B3(z; ). That is, by a similar argument to one given in [28], we see using Proposition
1.2 (iv.) asymptotically as T — h/k vertically for fixed /b such that (g“bz“ g,i“ ; {,ﬁ’)oo vanishes
(e.g., (a/b, h/k) € S3), we have that H39(a/b, h/k) and 03(a/b, h/k) are equal. The function
ﬁg,z(z; 7) now inherits its quantum properties from 83(z; 7) as established above. O

5 Asymptotics and L-values: Proof of Theorem 1.5

Proof of Theorem 1.5 Part (1). The proof follows in a similar manner as the proofs of [18,
Theorem 1.3 (3)] and [16, Theorem 1.3 (ii)]. For brevity, we provide a detailed sketch of
proof. Ultimately, we apply [21, Proposition p.98]. To do so, we show that the coefficients

c1(n) have mean value 0 with period 2k. We compute, using that b’ = k for some integer
v,

2k—1 2k—1 )
2ab'n+h

Do aln) =)y (=gt
n=0 n=0

k—1 2k-1 )

2ab'n+h
545 ) g
n=0 n=k
— Z 2ab n+hn> + Z n+k 2¢zb’(n+k)-i—h(n+k)2

/
— Z Zab n+hn® + Z n+1 Zub n+hn®
=0,

where we have also used that k is odd.

The first way to evaluate the functions given in part (1) of the theorem follows from the
asymptotic expansion just established. The second way to evaluate follows from fact that
any summand of the sum defining Hi (w; q) which is indexed by # > N7 vanishes, due to
the conditions satisfied by a, b, i, k.

Part (2). The asymptotic expansion given part (2) of the theorem follows from [18, Theo-
rem 1.3 (3)], noting that q‘éH(—a, b;t) = 62(¢; 9), where H(a, b; 7) is as defined in [18].
The evaluations given in part (2) of the theorem follow by a similar method of proof as
the one above for the functions in part (1) of the theorem.
Part (3). The asymptotic expansion given in part (3) of the theorem for Hs1(w;q) and
03(w; q) follows from [16, Theorem 1.3 (ii)], noting that 5(‘—;; 7) = g“zﬂbqﬁ 03(¢, q), where
¥ (z; T) is as defined in [16]. The evaluations given in part (3) of the theorem for H3 1 (w; q)
and 03(w; q) follow by a similar method of proof as the one above for the functions in part
(1) of the theorem. The results for Hs»(w; q) follow from those just established as well as
Proposition 1.2 (iv.): from Proposition 1.2 (iv.), we have that for (a/b, h/k) € S3, H3(5;)5 q)
is asymptotic to 05(¢;; q) as g tends radially towards g“,f’, also noting that (;bZ“{,f’ ; ;lf’ oo =

O
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